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The effects on the spin state of an electron in a time independent electric field are examined. The
probability of spin flipping is calculated, and other effects are studied using the minimally coupled
Dirac equation.
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INTRODUCTION
There is a vast yet growing interest in spin
states and their control. This attention comes
from a number of sectors, from the quantum in-
formation world and the need to spin flip and
control the spin, to a myriad number of appli-
cation of spintronics. It is well-known how to
flip a spin, and basic physics tells us the most
obvious way is through the use of a magnetic
field. This is because the interaction between a
charged particle with spin and an external elec-
tromagnetic field is µ ·B. But this is the non-
relativistic limit. We know moving through a
B-field with velocity v produces an electric field,
so we expect electric field effects to go like v/c
times the magnetic effect.
In fact, it is well known spin can be changed
without using a magnetic field. Nuclear spin
flips induced by an electric field have recently
been observed,[1] and electric field effects with
a laser were demonstrated a while ago.[2] Elec-
tric fields are also known to cause spin flipping
through the Rashba effect,[3] and dynamic spin
process such as the Kapitza-Dirac effect are well
known.[4] Spins can also be flipped using non-
electromagnetic means.[5]
Although, at first glance, one expects the
magnetic field to be used in the control of spin,
there are other reasons for considering electric
effects. In small devices, electric fields are usu-
ally easier to make, both from size considera-
tions of power usage, so it is worthwhile to in-
vestigate a little more carefully the effect of the
electric field on spin. In addition, if there is a
current present, then there is an electric field
present as well.
The main objective of this paper is to examine
and assess the effect of a known external electric
field on the spin state of an electron. In the ap-
plications given above, it is impossible to isolate
the effects of an electric field. This is because
many of those effects are in various shaped bulk
materials with an electric field of unknown func-
tional form, some of which have current density
or accompanying magnetic fields. Under these
conditions it is impossible to really know the ef-
fect of the electric field alone. In addition, may
times the properties of the material is modeled
by a Hamiltonian that is assumed to hold, at
least at some approximation. In this paper, we
treat the problem of an electron in an electric
field exactly (although we stop at first order
perturbation), the interaction of which comes
directly from the Dirac equation. Other than
using first order theory, no approximations are
made, and we can be confident we are seing the
effects of the electric alone.
Before the effect of the electric field is con-
sidered, there is an important conceptual issue
that should be addressed. Let us consider an
electron in the non-relativistic regime. Then we
say it has either spin up or spin down (or spin
right or spin left, etc.), reflecting the two allowed
states of spin for the electron. But spin up or
down are meaningless concepts without a fidu-
ciary field by which to measure them. So we
place the electron in an external magnetic field
and now the concept of spin up and down makes
sense.
In particular, we consider flipping the spin.
We should not think of flipping the spin of a free
particle for the reasons discussed, so the initial
and final states are not those of a free particle,
they are those of an electron in a magnetic field,
which is assumed to be constant. It has been
2shown that, assuming the final and initial states
are those of the eigentstates of an electron in a
magnetic field, then the scattering matrix is[6]
Sfi = −i e
~c
∫
d4xψfAσγ
σψi (1)
which, of course, looks the same as the free par-
ticle form, but it is important to note that in (1)
the initial and final states are those of a particle
in a magnetic field. The above formula is given
in cgs units, but below natural units (~ = 1 = c)
are used in general, although some formulas are
given in cgs for clarity, including the final re-
sults.
KNOWN SOLUTIONS
For convenience, this brief section will sum-
marize known properties of an electron in a con-
stant magnetic field B.[7] The energy is quan-
tized in Landau levels with quantum number n
E2n = m
2 + p2z + 2neB (2)
where pz is the z component of the momentum,
e is the magnitude of the charge of the elec-
tron, and n = 0, 1, 2..., and the wavefunctions
are given by
ψn = Cfe
−i(Ent−p
n
xx−p
n
z z)e−ξ
2/2un (3)
where the momentum terms are eigenvalues, and
the dimensionless coordinate is
ξ =
√
eBy − px√
eB
. (4)
In terms of the energy quantum number n the
solutions are given by for spin up,
un =


hn−1
0
pnzhn−1/(En +m)
−√2neBhn/(En +m)

 (5)
and for spin down,
un =


0
hn
−√2neBhn−1/(En +m)
−pnzhn/(En +m)

 (6)
where un = un(ξ) and hn = hn(ξ) are the or-
thonormal Hermite polynomials, hn = NnHn,
and Hn are the Hermite polynomials, Nn =
1/
√
2nn!
√
π, and by definition the Hermite
polynomial with a negative subscript is zero.
The solution is normalized to a two-
dimensional box in the x and z directions, and
the normalization constants are
C =
√
(En +m)
2LξLxLzEn
, Lξ ≡
√
~c
eB
(7)
where Lξ is given in cgs. It is useful to note the
solutions have a two-fold degeneracy.
SCATTERING AMPLITUDE
We are now in a position to describe all the ef-
fects of an electromagnetic perturbation, Aσ on
an electron trapped in a magnetic field. Using
the above in (1) we have
Sfi = − iCfCi
L
∫
d4xei(Ef t−p
f
xx−p
f
zz)e−ξ
2
Mfie
−i(Eit−p
i
xx−p
i
zz) (8)
(to avoid double subscripting, here and below,
when f or i appears as a subscript or super-
script, it really stands for nf or ni, the final or
initial quantum number) where L ≡ ~ω/eE and
the matrix element is
Mfi = u
†
fγ
0γσAσui, (9)
which becomes,
3Mfi = A0
( √
2
√
Bnfehfhip
i
z
(Ef +m)(Ei +m)
−
√
2
√
Bniehf−1hi−1p
f
z
(Ef +m)(Ei +m)
)
+A1
(
hf−1hip
f
z
(Ef +m)
− hf−1hip
i
z
(Ei +m)
)
(10)
−iA2
(
hf−1hip
f
z
(Ef +m)
− hf−1hip
i
z
(Ei +m)
)
+A3
(√
2
√
Bnfehfhi
(Ef +m)
−
√
2
√
Bniehf−1hi−1
(Ei +m)
)
.
This last term has a wealth of information.
For example, for a static electric field the only
contributions come from the A0 term, whereas
magnetic effects are described by the other
terms. If one compares the A0 term to the A3
term we find the ratio is goes like pc/mc2 ∼ v/c.
This is expected, and we also note the A0 term
vanishes unless the electron is moving, (we know
an observer moving through and electric field
sees a magnetic field v ×B/c).
Another interesting situation arises from the
fact the energy levels are determined by two pa-
rameters, the momentum and the magnetic in-
teraction energy. Thus, the electron can suffer
a spin flip even though the total energy of the
system remains constant. This can be seen by
looking at the energy levels and noting, from
(2), E∆E = p∆p + ∆neB, so that the total
energy can remain constant while the electron
gains (loses) magnetic energy as the electron
loses (gains) kinetic energy.
Rabi formula
Here we derive a known result. There are sev-
eral reason to do this, one is to verify the for-
malism, but it also puts the result on a firm the-
oretical formulation. Also, we will have at our
disposal the relativistic form of this eeuation.
Finally it will display the kinds of calculations
needed below.
In this case we write A1 = (E/ω)f where
f = sin(kz − ωt). Several definitions are useful
to simplify things, and the dimensionless coor-
dinate ξ becomes
y = Lξ(ξ − φ), φ = pxc√
eB~c
, (11)
so (8) yields
Sfi = −LCiCf
2
∫
d4xe−i(Ei−Ef )tei(p
x
f−p
x
i )xei(p
z
f−p
z
i )zfe−ξ
2
(ei(kz−ωt) − e−i(kz−ωt))Mfi. (12)
The integral over z yields L±z = 2πδ(p
z
f −pzi ±k)
and similarly Lx (with no k). The time integral,
Lt, leads to |Lt|2 = ( sin(ω−ω0)t/2(ω−ω0)/2 )2 where ω0 =
Ef − Ei. The matrix element boils down to
(
h2fp
f
z
Ef +m
− h
2
fp
i
z
Ei +m
)
, (13)
and using the orthogonality of the Hermite poly-
nomials we may perform the final integral. As-
suming the electron may either flip from down
to up or vice versa, we have
Sfi =
CfCiLyLxLtLξ
2L
~k
mc
(14)
The spin flip probability is the integral of
|Sfi|2 times the density of states. Details were
given elsewhere[6] and the result is, in the low
velocity limit
Sfi = κ
(
sin(ω − ω0)t/2
(ω − ω0)/2
)2
(15)
where κ = E2µ2/~2 and µ = e~/2mc. This is
the well-known Rabi formula.
4TIME INDEPENDENT ELECTRIC FIELD
Now we would like to consider the effect of
an external electric field. Since a time depen-
dent electric field creates a magnetic field, only
“pure electric” effects can be seen from a static
field, which we assume is imposed externally.
The only other requirement is that the field obey
Maxwell’s equations, for otherwise we would end
up with unrealistic effects. A relatively simple
electric field is one is which the potential is given
by A0 = (E/k) sinkze
−ky where E is the elec-
tric field strength and k is a parameter describ-
ing the spatial variation of the field. With this
we may perform the integrations is (8) and ob-
tain the transition matrix. A few details will
discussed.
This time the time integral, Lt, is of the form∫
e−i(Ei−Ef )tdt. Integrating from minus to plus
infinity gives a delta function, showing Ei = Ef
(recall from above that this can induce a spin
flip through a loss or gain in momentum). In
order to perform the integral over some finite
time, we assume Ei −Ef = ǫ and take the limit
as ǫ→ 0. The square of this gives 4t2. The x, z
integrations give Lx, Lz, which are conservation
of momentum and in particular δ(pfz − piz± ~k).
That leaves the y integral, which may be accom-
plished using the orthogonality of the Hermite
polynomials. The result is
Sfi = −iCiCf
L
LtLxLzLξΓ
nf∑
n=0
(16)
(
nf
n
)(
ni
n
)√
nf(−kLξ)nf+ni−2npiz −R
where the terms with parentheses are the bino-
mial coefficients,
Γ =
√
2eB
(Ef +m)(Ei +m)
ekLξφe(kLξ/2)
2
(17)
and R is the same as the term preceding it with
nf replaced by nf−1, ni replaced by ni−1, and
piz replaced by p
f
z .
In order to find the transition probability
|Sfi|2 is integrated over the density of states as
before. Let us simplify things a bit by assum-
ing the momentum in the x direction is small.
This means we can set φ to zero (the momen-
tum would have to be relativistic for this term
to be important). Now let us consider kLξ. For
a B field of 100 G, this would be on the or-
der of 2 × 10−5k (k in cm) and will assumed to
be small. This is valid unless the electric field
varies appreciably over the scale of a tenth of
a micron. However if such fields are imposed,
then this term, being exponential, will have a
dramatic effect on the spin flip probability.
Let us also assume ni = 0. The spin flip prob-
ability W becomes
W =
B(pfz )
2E2e3
m4k2
t2 (18)
but we must impose the conditions of the delta
functions: From the momentum delta function
we have pf = pi − k and from energy we have
p2f = p
2
i − 2eB.
electric cooling
As discussed above, it is possible for the scat-
tering amplitude to be non-vanishing with the
total energy remaining constant. In this case, if
the spin flips from a higher to lower state, the en-
ergy is given to kinetic energy of the electron, as
the delta functions dictate. On the other hand,
if the spin flips to a higher energy state, the elec-
tron and loses that much kinetic energy, cooling
the sample. The amount of cooling can be con-
trolled by the amplitude of the applied electric
and magnetic fields. Laser cooling with spin has
been discussed for condensed matter systems.[8]
As an example, for the z component of the
momentum, setting pf to zero we find pi =
µB/2mc2, which we expect on simple energy
considerations.
SUMMARY
The main goal has been achieved, to show
that an electron moving through a static electric
field can suffer spin flips. The transition ampli-
tude was calculated using the Dirac equation,
and the spin flip probability for an electron was
calculated from that. The Rabi formula was de-
rived from the formalism, although a large num-
ber of relativistic effects may be gleaned from
(10). In the present case, we examined the ef-
fect of a static electric field.
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